In this paper, some new types of integral inequalities on time scales with 'maxima' are established, which can be used as a handy tool in the investigation of making estimates for bounds of solutions of dynamic equations on time scales with 'maxima' . The theoretical results are illustrated by an example at the end of this paper.
Introduction
Integral inequalities which provide explicit bounds of the unknown functions play a fundamental role in the development of the theory of differential and integral equations. In the past few years, a number of integral inequalities have been established by many researchers, which are motivated by certain applications such as existence, uniqueness, continuous dependence, comparison, boundedness and stability of solutions of differential and integral equations.
Many integral inequalities have been established on time scales, which have been designed in order to unify continuous and discrete analysis; see, for example, [-] . The development of the theory of time scales was initiated by Hilger [] .
Differential equations with 'maxima' are a special type of differential equations that contain the maximum of the unknown function over a previous interval. Several integral inequalities have been established in the case when maxima of the unknown scalar function are involved in the integral; see [-] and references cited therein.
To the best of our knowledge, there are not papers in the literature dealing with inequalities on time scales with 'maxima' . To fill this gap, we initiate in this paper the study of integral inequalities on time scales with 'maxima' . Some new inequalities are established and some applications for them are presented. The significance of our work lies in the fact that 'maxima' are taken on intervals [βt, t] which have non-constant length, where  < β < . The most papers take the 'maxima' on [t -h, t], where h >  is a given constant.
Preliminaries
In this section, we list the following well-known definitions and some lemmas which can be found in [] and the references therein.
if f is continuous at t and t is right-scattered. If t is not right-scattered, then the derivative is defined by
Lemma . ([]) Assume that ν : T → R is strictly increasing and T := ν(T) is a time scale. If f : T → R is an rd-continuous function and ν is differentiable with rd-continuous derivative, then for a, b
Definition . We say that a function p : T → R is regressive provided  + μ(t)p(t) =  for all t ∈ T κ holds. The set of all regressive and rd-continuous functions p : T → R will be denoted by R(T, R). We also define the set R + of all positively regressive elements of R by
Definition . If p ∈ R(T, R), then we define the generalized exponential function e p (t, s) by
where
and Log is the principal logarithm function.
for any k > .
Main results
For convenience of notation, we let throughout
In addition, for a strictly increasing function α :
is a time scale such that T ⊆ T. For f ∈ C rd (T, R), we define a notation of the composition of two functions on time scales by
Theorem . Let the following conditions be satisfied:
and satisfies the inequalities
holds, where
with functions f * (t) and g
Proof From inequality (.), we have that
where M is defined by (.). Note that the function v(t) is nondecreasing. It follows that the inequality
holds. Therefore, for t ∈ T  and s ∈ [t  , t] T , we have
Then from the definition of v(t) and the above analysis, we get for t ∈ T  that
Applying Gronwall's inequality for (.), we obtain
which results in (.). This completes the proof. http://www.journalofinequalitiesandapplications.com/content/2013/1/564
As a special case of Theorem ., we obtain the following result.
Corollary . Let the following conditions be fulfilled:
(ii) The function u ∈ C rd ( [βτ , ∞) T , R + ) and satisfies the inequalities
where constants k ≥  and ψ, ω ≥ . Then
holds, where M is defined in (.) and
B(t) = ψω p(t) + q(t) + a(t)α (t) + b(t)α (t) . (  .   )
Remark . If we take β → , ψ = ω = , α(t) = t, then Corollary . reduces to Gronwall's inequality on time scales without 'maxima' as in Lemma ..
In the case when in place of the constant k involved in Theorem . we have a function k(t), we obtain the following result.
Theorem . Let the following conditions be satisfied:
(
The function u ∈ C rd ( [βτ , ∞) T , R + ) and satisfies the inequalities
holds, where A(t) is defined by (.) and
Proof From inequality (.) we obtain, for t ∈ T  ,
Let us define functions k * : [βτ , ∞) T → R + and w : [βτ , ∞) T → R + by
Note that the function k
From monotonicity of k(t)
and α(t) we get, for t ∈ T  and s
From inequalities (.), (.) and (.) and the definition of w(t), we have
Using Theorem . for (.) and (.), we get
which results in (.). This completes the proof. 
where constants ψ, ω ≥ . Then
holds, where N and B(t) are defined in (.) and (.), respectively.
Remark . As a special case of Corollary ., we have a result for dynamic Gronwall's inequality without 'maxima' ([], Theorem . p.).
In the case when the function involved in the right part of inequality (.) is not a monotonic function, we obtain the following result.
Theorem . Let the following conditions be satisfied:
holds, where A(t) is defined by (.) and
Proof From inequality (.), we have
Let us define a function z : [βτ , ∞) T → R + by
(.) Therefore,
where f * (t), g * (t) are defined by (.) and (.), respectively.
From the definition of the function z(t), it follows that
where a function h(t) is defined in (.).
Since the function h(t) : T  → (, ∞) is nondecreasing and h(t  ) = max s∈[βτ ,t  ] T φ(s), by using Theorem . for (.) and (.), we get
which results in (.). This completes the proof. Now we will consider an inequality in which the unknown function into the left part is presented in a power. http://www.journalofinequalitiesandapplications.com/content/2013/1/564 Theorem . Let the following conditions be fulfilled:
(ii) The function k ∈ C rd (T  , (, ∞)) is nondecreasing and the inequality
holds. (iii) The function u ∈ C rd ( [βτ , ∞) T , R + ) and satisfies the inequalities
g(t) p(t) + a(t)α (t)
+ max 
